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Abstract 

> 

Let Dbea division ring and D* be the multiplicative group of D. In this paper 

we study locally solvable maximal subgroups of D*. 
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1 Introduction and convention 

Let D be a division ring with the center F. All subgroups considered in this paper 
are subgroups of the multiplicative group D* of D. So, sometime we say that G is a 
subgroup of D with the understanding that G is in fact a subgroup of D*. One of the 
well-known results of L.K. Hua states that if D* is solvable, then D is commutative. 
Here, first we generalize this classical result by proving that if D* is locally solvable, then 
D is also commutative. Using this fact, we obtain a series of other results, concerning 
locally solvable subgroups of D*. The paragraph 2 is devoted to the study of properties 
of locally solvable maximal subgroups in D. Among the new obtained results we would 
like to notice the following fact: Let D be a non- commutative division ring with the center 
F and suppose that M is a non-abelian locally solvable maximal subgroup of D* . If M' 
is algebraic over F , then [D : F] < oo. Before, this fact was proved in [3, Th. 6] 
with a stronger supposition of the algebraicity of M. Here, we replace the condition of 
algebraicity of M by the algebraicity of derived subgroup M' of M. 

Finally, recall that in [1] it was proved that in a non-commutative centrally finite 
division ring D, every nilpotent maximal subgroup of D* is the multiplicative group of 
some maximal subfield of D. More generally, in [4, Cor. 5], the author proved that in 
an arbitrary division ring, every nilpotent maximal subgroup is abelian. On the other 
hand, it is easy to see that every abelian maximal subgroup is the multiplicative group 
of some maximal subfield of D (see Pro. 2.2 in the text). In [5, Th. 3.2] this result was 
carried over for locally nilpotent maximal subgroups of a non-commutative division ring 
D that is algebraic over its center F. Now, using the result, mentioned above, here we 
can replace the algebraicity of D by the algebraicity of M' , but the obtained result is the 
same. In fact, we shall show that if M is a locally nilpotent maximal subgroup such that 
M' is algebraic over F, then M is the multiplicative group of some maximal subfield of 
D. 

Throughout this paper the following notations will be used consistently: For a division 
ring D we denote by D* and F its multiplicative group and center respectively. We say 
that a division ring D is algebraic over F if every element of D is algebraic over F. A 
division ring D is called centrally finite provided it is a finite dimensional vector space 
over F. If R is a ring with identity 1^0 and A is a nonempty subset of R, then Cr(A) 
denotes the centralizer of A in R, i.e. 

Cr{A) := {x G R\ xa = ax for all a G A}. 

If G is a group, then Z(G) is the center and G' is the drived subgroup of G respectively. 
For a subgroup G of D*, denote by F[G] and F(G) the subring and the division subring 
respectively of D generated by the set FUG. We say that a subgroup G of D* is irreducible 
(resp. absolutely irreducible) if F{G) = D (resp. F[G] = D). All another notation and 
symbols in this paper are standard and one can find, for example, in [6], [7] and [8]. 



2 Locally solvable maximal subgroups 

Our purpose is to study the properties of locally solvable maximal subgroups in a division 
ring D. For the convenience we restate the following two results of Wehrfritz which will 
be used in this work. 

Theorem A. [11, Cor. 4] Let H be a locally solvable normal subgroup of the absolutely 
irreducible subgroup G ofGL n (D). If either n =1 or H = G, then H is abelian-by-locally 
finite and G/Cq(H) is abelian-by-periodic. 

Theorem B. ([10, Th. 5.7.11, p. 215]) Let H be a locally nilpotent normal subgroup of 
the absolutely irreducible subgroup G of GL n (D). Then H is centre by locally-finite and 
G/Cc(H) is periodic. 

We note also the following two very simple lemmas we need. 

Lemma 2.1 Let D be a division ring with the center F and G be a subgroup of D* . If N 
is a normal subgroup of G and L = F(N), then G is contained in Nd*(L*). In particular, 
if G — D* , then L is normal in D* . 

Proof. Suppose that x G G. Since N < G,xNx~ l = N C L, so iV C x~ 1 Nx. Since it is 
obvious that F C xLx~ l , we have xLx~ x = L. So, it follows that G < Nd*(L*). M 

Lemma 2.2 Let D be a division ring with the center F. If G is an irreducible subgroup 
ofD*, thenC D (G) = F. 

Proof. It is obviuos that C D (G) = C D (F(G)) = C D (D) = F. ■ 

The following theorem generalizes the classical result of Hua, mentioned in the Intro- 
duction (see, for example [6, p. 223] or also the generalization of this result by Stuth in 

[9])- 

Theorem 2.1 If D* is locally solvable, then D is a field. 

Proof. By applying of Theorem A for n — 1, H — G — D*, we can find an abelian normal 
subgroup A of D* such that D*/A is locally finite. By Lemma 2.1, F(A)*<D*. In view of 
Cartan-Brauer-Hua Theorem (see, for example [6, (13.17), p. 222]), either F(A) = D or 
F(A) C F. If F(A) = D, then by Lemma 2.2, we have C D (A) = F. Since A is abelian, 
it follows that A (1 F. So, in both cases we have A C F. Since D*/A is locally finite and 
AC. F, it follows that D*/F* is locally finite. In particular, D is radical over F. Now, in 
virtue of Kaplansky's Theorem (see, for example [6, (15.15), p. 259]), D is a field. ■ 

Proposition 2.1 Let D be a non- commutative division ring and suppose that M is a 
locally solvable maximal subgroup of D* . Then, the following statements hold: 

(i) F* < M. 

(ii) If A is an abelian normal subgroup of M and L = F(A), then L is a subfield of D 
and L* < M. 



Proof, (i) Since M is maximal in D*, either F*M = M or F*M = D. If F*M = D, then 
D* is locally solvable. So, by Theorem 2.1, -D is commutative, that contradicts to the 
supposition. Hence, F*M = M and consequently F* < M. Since D is non-commutative 
and M is maximal in D*, F* ^ M. 

(ii) By Lemma 2.1, M < N D *(L*). So, to prove L* < M, it suffices to show that 
L* < M. Since M is maximal in D* and M < N D *(L*) < D* , either N D .(L*) = D* or 
N D *(L*) = M. If N D *(L*) = D*, then by Cartan-Brauer-Hua Theorem , either L C F 
or L = D. If L = D, then by Lemma 2.2, Co (A) = F and it follows that A C F and 
consequently L* = F(A)* = F* < M. Now, if N D *(L*) = M, then we also have L* < M. 
Thus, L* < M in any case, as we desired to show. Since M is locally solvable, L* is locally 
solvable too. Hence, in view of Theorem 2.1, L is a field, as we desired to prove. I 

Proposition 2.2 Let D is a non- commutative division ring with the center F and suppose 
that M is a maximal subgroup of D* . If M is abelian, then M is the multiplicative group 
of some maximal subfield of D. 

Proof. By Proposition 2.1, F* < M. By [1, Pro. 1], either F(M) = D or M U {0} is a 
division subring of D. Since D is non-commutative and M is abelian, the first assertion 
can not occur. So, M U {0} is a division subring of D. Therefore, M U {0} is a maximal 
subfield of D. ■ 

Lemma 2.3 Let D be a non- commutative division ring with the center F and suppose 
that M is a locally solvable maximal subgroup of D* . If M is irreducible, then Z(M) = F* . 

Proof. By Proposition 2.1, F* < M, so it follows that F* < Z(M). Since M is irreducible, 
F(M)= D. Therefore Z(M) < F* and consequently, Z(M) = F*. ■ 

We note the following simple fact, whose proof will be omitted. 

Lemma 2.4 Let M be a non-abelian group and suppose that A is an abelian normal 
subgroup of M. Then A is contained in some maximal abelian normal subgroup of M. In 
particular, M contains maximal abelian normal subgroups. 

Proposition 2.3 Let D be a non- commutative division ring with the center F and sup- 
pose that M is a locally solvable maximal subgroup of D* . Then, M is irreducible if and 
only if M is non-abelian. 

Proof. Suppose that M is irreducible. By Lemma 2.3, Z(M) = F*. If M is abelian, then 
M = F* and it follows that D = F(M) = F, that is a contradiction. 

Conversely, suppose that M is non-abelian. If M is not irreducible, then F(M)* = M. 
Since M is locally solvable, by Theorem 2.1, F(M) is a field and consequently M is abelian 
that is a contradiction. ■ 



Theorem 2.2 Let D be a non- commutative division ring with the center F and suppose 
that M is a non-abelian locally solvable maximal subgroup of D* and A is a maximal 
abelian normal subgroup of M. By setting L = F(A), K = Cd{L), V = Cm{A), we have: 

(i)A = L*. 

(ii) Either A = F* or V = L* = K* and K is a maximal subfield of D. 

Proof. First, note that in view of Lemma 2.4, such a subgroup A of M exists. 

(i) By Proposition 2.1, A<L* <M. Since A is maximal abelian normal in M, it follows 
that L* = A. 

(ii) By Lemma 2.1, M < Nd*(L*) < D*. In view of the maximality of M in D*, either 
N D *(L*) = D* or N D *(L*) = M. If N D *(L*) = D*, then as in the proof of Proposition 
2.1 we have L = F. So, by (i), A = F*. Now, suppose that Nd»(L*) = M. Since 
K = C D (L), we have K* < N D *(L*) = M. Therefore K* is locally solvable, so by 
Theorem 2.1, K is a field. Thus, we have A = L* < K* < M. Suppose that K\ is a 
subfield of D containing K. Since L C K C K\ , K\ C Cc(L) = K. Hence K i — K and 
we conclude that K is a maximal subfield of D. Since K* < M and A = L* < K*, it 
follows that K* = Cm (A) = V. Suppose that x G M,y e K* and a e A are arbitrary. 
Then, we have 

x~ l yxa = x~ 1 yxax~ 1 x = x~ 1 xax~ 1 yx = ax~ l yx. 

This shows that x~ x yx G Cm {A) = K*. So, K* < M. By maximality of A, this forces 
K* = A. Thus, V = L* = K* as it was required to prove. ■ 

Proposition 2.4 Let D be a non- commutative division ring with the center F . If M is a 
non-abelian locally solvable maximal subgroup of D* , then M contains a unique maximal 
abelian normal subgroup. 

Proof. By Lemma 2.4, M contains maximal abelian normal subgroups. Now, suppose 
that A is an arbitrary maximal abelian normal subgroup of M. By Theorem 2.2 (i), 
F* < A. If A = F* and B is an another maximal abelian normal subgroup of M, then 
F* = A < B < M; hence B = A = F*. Therefore, in this case F* is a unique maximal 
abelian normal subgroup of M. Thus, we can suppose that A^F* for every maximal 
abelian normal subgroup A of M. Now, suppose that A±, A2 are maximal abelian normal 
subgroups of M. By Theorem 2.2, K\ — A\ U {0} and K2 = A2 U {0} are maximal 
subfields of D. 

Suppose that x G K\ \K%. Then, there exists some element y G A 2 such that xy 7^ yx 
or equivalently, a = xyx~ x y~ x 7^ 1. For any b G A 2 , since elements y~ 1 ) xyx~ 1 are both in 
A 2 , we have 

ab = xyx~ 1 y~ 1 b = xyx~ l by~ l = bxyx~ 1 y~ 1 = ba. 

Hence a G K 2 . Since x + lG K^ and (x + l)y 7^ y(x + 1), by the similar way as above 
we can conclude that 1 7^ c = (x + l)y(x + l)~ l y~ l G K 2 . Then, we have 

cy(x + 1) = [x + \)y 
<^=> cyx + cy = xy + y 
<^=^ cyx — ayx = (1 — c)y 



^=^y(c-a)x = y(l-c) 
-<=>- (c — a)x = 1 — c. 
If c 7^ a, then i£ ^2 = X|. If c = a, then a = c = 1. Thus, in both cases we have a 
contradiction. Therefore K\ CK*. By symmetry, i^ 2 * C ]{*, so 1-0? = K{ or A x = A 2 . ■ 

Proposition 2.5 Let D be a non- commutative division ring with the center F and sup- 
pose that M is a non-abelian locally solvable maximal subgroup of D* . Then, D is centrally 
finite if and only if there exists some maximal subfield K of D such that F* <? K* < M 

and [M : K*\ < oo. 

Proof. The "if follows from [3, Th. 6]. For the "only if, note that, since F* < K* < M 
and K is a field, it is easy to see that F(K*) is a subfield which is contained in M. Since 
[M : K*\ < oo, [M : F(K*)*\ < oo. By [3, Lemma 6], [D : F] < oo. ■ 

Proposition 2.6 Let D be a non- commutative centrally finite division ring with the cen- 
ter F and suppose that M is a locally solvable maximal subgroup of D* . If M is non- 
abelian, then M is not radical over F . 

Proof. Suppose that M is non-abelian locally solvable maximal subgroup of D*. By [3, 
Th. 6] , there exists some maximal subfield K of D such that F* ^ K* < M and K/F is 
a Galois extension. If M is radical over F, then K is radical over F too. By [6, (15.13), 
p. 258], the prime subfield P of F has the characteristic p > and either K is purely 
inseparable over F or K is algebraic over P. Since K/F is Galois, the first case cannot 
occur, so K is algebraic over P. Consequently, D is algebraic over the finite field P 
and by well-known theorem of Jacobson [see 6, (13.11), p. 219], D is a field, that is a 
contradiction. ■ 

Lemma 2.5 Let D be a non- commutative division ring with the center F and suppose 
that M is a locally solvable maximal subgroup of D* and x G M \F . If M' C F, then 
F(x)*<M. 

Proof. By Proposition 2.1, F* ^ M, so such an x exists. For any m G M we have 
m^ 1 xm = xx~ x vrr x xm = x[x, m] G xM' C F(x), sox G mF(x)m~ 1 . Hence m~ 1 F(x)m C 
F(x),Wm G M and consequently M < N D *(F(x)*) < D* . Since M is maximal in D*, 
either N D *(F(x)*) = M or N D *(F(x)*) = D*. If N D *(F(x)*) = D*, then by Cartan- 
Brauer-Hua Theorem, either F(x) =Dor F(x) C F. Since these cases are both impos- 
sible, N D * (F(x)*) = M or F(x)* <M. ■ 

Theorem 2.3 Let D be a non- commutative division ring with the center F and suppose 
that M is an irreducible locally solvable maximal subgroup of D* . If M is metabelian, 
then the following statements hold: 

(i) M contains a unique maximal abelian normal subgroup A such that F* <* A and 
M' <A. 

(ii) K = AU {0} is a maximal subfield of D. 

6 



Proof, (i) In view of Proposition 2.3, M is non-abelian. By Proposition 2.4 and Theorem 
2.2, M has a unique maximal abelian normal subgroup containing F*, say A. Since M 
is metabelian, A must contain M' . Suppose that A = F*. Then M' < F* 5j* M. For 
x G M\F, by Lemma 2.5, we have F(x)*<M, so by Theorem 2.1, F(x) is a field. Since A 
is maximal abelian normal in M, we have F(x)* = F* or x & F, that is a contradiction. 
Therefore A^F*. 

(ii) By Theorem 2.2, K is a maximal subfield of D. ■ 

Lemma 2.6 Lei D be a non- commutative division ring with the center F . If M is an 
irreducible locally solvable maximal subgroup of D* , then M' % F. 

Proof. As it was shown in the proof of Theorem 2.3, M is non-abelian and we have 
a unique abelian normal subgroup A of M containing F*. Suppose that M' C F and 
x G M \ F . By Lemma 2.5, F(x)* < M. In view of Theorem 2.1, F(x) is a field and 
consequently F(x)* < A. Therefore, i£i for any x G M \F . Since F* < A , it follows 
that M — A. In particular, M is abelian, that is a contradiction. ■ 

Proposition 2.7 Lei D be a non- commutative division ring with the center F. Suppose 
that M is an irreducible metabelian locally solvable maximal subgroup of D* and A is a 
maximal abelian normal subgroup of M. If a subgroup N of M strictly contains A, then 
N is irreducible. 

Proof. By Theorem 2.3, K = AU {0} is a maximal subfield of D and M' C K,F C K. 
Therefore M' < K* < N. Clearly N< M, so by Lemma 2.1, 

M < N D *(F(N)*) <D*. 

Suppose that M = Njy*(F(N)*). Then, in view of Theorem 2.1, F(N) is a subfield of 
D containing K. Since K is a maximal subfield of D, it follows that K = F(N). However, 
this is impossible since N ^ K. Hence D = Nd*{F(N)*). By Cartan-Brauer-Hua Theo- 
rem, either F(N) C F or F(N) = D. Since F(N) ^ F, F(N) = D or N is irreducible. ■ 

If K is a subfield of a division ring D, then we denote by [D : K]i ([D : K] r , resp.) 
the dimension of left (right, resp.) vector space D over K. 

Lemma 2.7 Let D be a division ring with the center F and suppose that K is a subfield 
of D containing F . If [D : K]i < oo or [D : K] r < oo ; then [D : F] < oo. 

Proof. Consider the case, when [D : K]i < oo. By putting L = Cc(K), we have K C L. 
Since [D : K] t < oo, [D : L], < oo. By [6, (15.4), p. 253], [K : F] < oo. Hence 
[D : F] < oo. The remaining case may be considered similarly. I 

Theorem 2.4 Let D be a non- commutative division ring with the center F. Suppose 
that M is an irreducible metabelian locally solvable maximal subgroup of D* and K is a 
maximal subfield of D. If there exists some algebraic over K element a G M\K , then D 
is a finite dimensional vector space over F . 



Proof. By Theorem 2.3, F* <? K* < M. Consider the minimal polynomial of a over K 

f(X) = X n + b n . 1 x n - 1 + ... + b 1 X + b e K[X] 

and put R := Y^i=o Kct 1 . Clearly R is a left vector space over K of dimension n with the 
basis {1, a, a 2 , . . . , a™ -1 }. Since K* < M and a G M, it is easy to see that R is a subring 
of D. Now, suppose that ^ x G R. Then, there exists some positive integer m such 
that 

1 = CiX + c 2 x 2 + . . . + c m x m for ci, c 2 , . . . , c m G K. 

Therefore 1 = (c x + c 2 x + . . . + c m x m ~ 1 )x, so x is invertible. Thus R is a division 
subring of D. Let N = (K*,a) be the subgroup of M generated by K* and a. Since 
a ^. K,N strictly contains K*. By Proposition 2.7, F(N) = D. On the other hand, 
i? = F(N), hence D = i?. So [D : 1C], < oo. Now, by Lemma 2.7, [D : F] < oo. ■ 

Theorem 2.5 Let D be a non-commutative division ring with the center F. Suppose that 
M is a non-abelian locally solvable maximal subgroup of D* and A is a maximal abelian 
normal subgroup of M. If there exists some element a G A\ F such that a is algebraic 
over F , then [D : F] < oo. 

Proof. By Theorem 2.2, we have F* < A = F(A)*<M. Denote by f(X) = min(F, a) the 
minimal polynomial of a over F and suppose that 

f(X) = X n + a n ^X n - 1 + . . . + ai X + o . 

For any b G M we have b~ l ab G A and f{b^ x ab) = b~ 1 f(a)b = 0. So, by applying [8, 
3.3.3, p. 53], it follows that 

[M : C m (ol)\ = \a M \ < deg(f) = n < oo. 

Set iVi = Core(CM(«))- By [8, 3.3.5, p. 53] we have 

JVi <M,N 1 < C M {oc) and [M : JVi] < oo. 

By Lemma 2.2, M < iV D .(F(iVi)*) < D*. Hence, either No^FiN^*) = D* or 
^.(^(iVi)*) = M. If iV D .(F(iVi)*) = £>*, then by Cartan-Brauer-Hua Theorem, either 
F(JVi) C F or F(iVi) = £). Suppose that F(iVi) = D. Then, by Lemma 2.2, F = C D (A^i). 
Since JVi < CAf(a),a G Cd{N\). So, a G F, that is a contradiction. Thus, F(Ni) C F, 
so JVi C F. Since [M : N ± ] < oo, [M : F*] < oo. By [1, Cor. 4, p. 426], D is 
commutative, that contradicts to the supposition. Thus, Nd*(F(Ni)*) = M. Then, 
F(N 1 )* < M, so F(N 1 )* is locally solvable and by Theorem 2.1, F(Ni) is a field. Now, 
since [M : F(JVi)*] < oo, in view of [3, Lemma 6], [£> : F] < oo. ■ 

Theorem 2.6 Let D be a non- commutative division ring with the center F . Suppose that 
M is an irreducible metabelian locally solvable maximal subgroup of D* . If there exists 
some algebraic over F element a G M \F , then D is a finite dimensional vector space 
over F . 



Proof. By Theorem 2.3, there exists some maximal subfield K of D such that F* < K*<M 
and A = K* is a maximal abelian normal subgroup of M. Suppose that a G M \F. If 
a G" K\ then by Theorem 2.4 , [D : F] < oo. If a G X, then by Theorem 2.5, [D : F] < oo. 



Lemma 2.8 Let D be a n on- commutative division ring with the center F and suppose 
that M is an irreducible locally solvable maximal subgroup of D* . If M' is algebraic over 
F , then M is absolutely irreducible. 

Proof. Recall that M is non-abelian in view of its irreducibility. Consider the group 
F[M]*of all units of the ring F[M]. Since M is maximal in D*, it follows that either 
F[M}* = M or F[M]* = D*. Suppose that F[M]* = M. For any a,b G M' , since 
a, b~ l are algebraic over F, a ± b^ab^ 1 are algebraic over F too. Therefore F{ab~ l ) = 
Flab" 1 ] C F[M]* = M. It follows that ab^ 1 ± 1 G M and consequently a±be M. Hence, 
a±i±c6 M for any o, 6, c G M'. By Proposition 2.1, F* < M, so we can conclude 
that F(M')* < M. Since M is locally solvable, F(M')* is locally solvable too. Therefore, 
by Theorem 2.1, F(M') is a field. In particular, M' is abelian and so M is metabelian. 
By Lemma 2.6 , M' % F. Hence, there exists some element x G M' \ F such that x is 
algebraic over F. By Theorem 2.6 , [D : F] < oo, so F[M] = F(M) by [5, Lem. 2.3]. By 
supposition F[M]* = M, so we have F(M)* = M. By Theorem 2.1, M is abelian, that is 
a contradiction. Thus, F[M]* = D* or F[M] = D, i.e. M is absolutely irreducible as it 
was required to prove. I 

Corollary 2.1 Let D be a non- commutative division ring with the center F and suppose 
that M is an irreducible locally solvable maximal subgroup of D* . If M' is algebraic over 
F , then D is a finite dimensional vector space over F . 

Proof. By Lemma 2.8, M is absolutely irreducible. By Theorem A, there exists an abelian 
normal subgroup N oi M such that M/N is locally finite. Denote by A a maximal abelian 
normal subgroup of M containing N. Then, M/A is locally finite. If A — F*, then by [3, 
Th. 6], [D : F] < oo. If A ^ F*, then in view of Theorem 2.3, M' < A and by Lemma 
2.6, M' ^ F. Hence, by Theorem 2.6, [D : F] < oo. ■ 

Theorem 2.7 Let D be a non- commutative division ring with the center F and suppose 
that M is an irreducible maximal subgroup of D* such that M' is algebraic over F. If M 
is locally solvable, then there exists some maximal subfield K of D such that the following 
conditions hold: 

(i) K* < M. 

(ii) K is a Galois extension of F. 

(Hi) M/K* ~ Gal(K/F) ~ Z p , where p is a prime number. 

Proof. Suppose that M is an irreducible maximal subgroup of D* and M' is algebraic 
over F. If M is locally solvable, then by Corolarry 2.1, [D : F] < oo. Hence, by [3, Th. 
6], there exists some maximal subfield K of D satisfying the conditions (i), (ii) and (iii). 



Theorem 2.8 Let D be a non- commutative division ring with the center F and suppose 
that M is an irreducible locally solvable maximal subgroup of D* . Then, M' is algebraic 
over F if and only if M is metabelian and there exists some element x G M\F such that 
x is algebraic over F . 

Proof. Suppose that M' is algebraic over F. By Theorem 2.7, there exists some maximal 
subfield K of D such that K*<M and M/K* ~ Z p . Then, M' < K*, so M is metabelian. 
By Lemma 2.6, there exists some element x G M' \ F and x is algebraic over F by 
supposition. 

Conversely, suppose that M is metabelian and there exists some element x G M\F 
such that x is algebraic over F . By Theorem 2.6, [D : F] < oo. In particular, M' is 
algebraic over F. I 

Lemma 2.9 Let D be a non- commutative division ring with the center F and suppose 
that M is a maximal subgroup of D* containing some non-central element a algebraic over 
F. If M is abelian, then [D : F] < oo. 

Proof. Since M is abelian and D is non-commutative, by applying Proposition 2.2 we 
conclude that F(M) =MU {0} is the maximal subfield of D. Putting L = Co{F(a)), we 
have M < L* < D*. Then, either L* = D* or L* = M. If L* = D\ then D = C D (F(a)), 
so a G F, that contradicts to the supposition. Hence L* = M, so by [6, (15.7), p. 
254], C D (L) = L. Since C D (L) = C D {C D {F{a)) and [F(a) : F] < oo, by Double Central- 
izer Theorem we have L = Cn{L) = F(a). By applying [6, (15.4), p. 253], [D : F] < oo. I 

In [3, Th. 6], it was proved that if M is a non-abelian locally solvable maximal 
subgroup of D* and M is algebraic over the center F of D, then D is a finite dimensional 
vector space over F. Now, we are ready to show that this result remains also true if we 
replace the condition of algebraicity of M by the algebraicity of derived subgroup M' of 

M. 

Theorem 2.9 Let D be a non- commutative division ring with the center F and suppose 
that M is a non-abelian locally solvable maximal subgroup of D* . If M' is algebraic over 
F, then [D : F] < oo. 

Proof. If M is irreducible, then by Corollary 2.1, [D : F] < oo. If M is not irreducible, then 
F(M)* = M and by Theorem 2.1, F(M) is a field. Hence, by Lemma 2.9, [D : F] < oo. 



Corollary 2.2 Let D be a non- commutative division ring with the center F. If D* con- 
tains some locally solvable maximal subgroup M such that M' is algebraic over F , then 
every locally solvable subgroup of D* is solvable. 

Proof. By Theorem 2.9, D is centrally finite, so D* and its subgroups can be considered 
as a linear groups over F. Since every locally solvable linear group is solvable, the proof 
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is now complete. ■ 

In [5, Th. 3.2] it was proved that, every locally nilpotent maximal subgroup of D* is 
the multiplicative group of some maximal subfield of D provided D is algebraic over its 
center F. Now, using the results obtained above, we shall show that this result remains 
also true with the weaker condition for the algebraicity of derived subgroup M' of M 
instead of the algebraicity of D. 

Theorem 2.10 Let D be a division ring with the center F and suppose that M is a locally 
nilpotent maximal subgroup of D* . If M' is algebraic over F , then M is the multiplicative 
group of some maximal subfield of D. 

Proof. By Proposition 2.2, it suffices to prove that M is abelian. Thus, suppose that 
M is non-abelian. Then, by Proposition 2.3, M is irreducible. Hence by Lemma 2.8, M 
is absolutely irreducible. By applying Theorem B for H = G = M, we conclude that 
M/Z(M) is torsion group. On the other hand, by Lemma 2.3, Z(M) = F*, so M/F* 
is torsion. Therefore M is radical over F . Since M' is algebraic over F, by Theorem 
2.9, [D : F] < oo. By Proposition 2.6, M is not radical over F, that contradicts to the 
conclusion above. Hence M is abelian, as we desired to prove. ■ 
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